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The electrostatic potential profile of a spherical soft particle is derived by solving the Poisson-
Boltzmann equations on a spherical system both numerically and analytically. The soft particle
is assumed to consist of an ion-permeable charged outer layer and a non-permeable charged core
with constant charged density. The contribution of the core to the potential profile is calculated for
different charges and dielectric constants. Our results show that the charged core heavily influences
the local potential within the soft particle. In contrast, the potential distribution outside the particle
in the salt solution is found to be weakly dependent on the core features. These findings are
consistent with previous experiments showing the minor impact of the core of the MS2 virus on
its overall electrical properties. Our studies also indicate that while a change in temperature from
290 K to 310 K only slightly varies the potential, the ionic strength in the range of 1-600 mM
has a significant effect on the potential profile. Our studies would provide good understanding for
experimental research in the field of biophysics and nanomedicine.
PACS numbers:
I. INTRODUCTION
In recent years, the rapid advancement of nanotechnol-
ogy has recently opened up novel proposals for the field
of soft particles due to their wide range of applications in
life science and material science [1–3] causing the study of
soft particles to be of central interest to interdisciplinary
areas combining physics, chemistry and biology. Despite
much effort to theoretically understand the properties of
soft particles [1, 4–7], the theoretical models still face a
variety of problematic issues and challenges coming from
the complexity of biological structures and the variation
of solvents. The theoretical approaches allow us to inter-
pret the particle systems in a simplified manner. Thus,
the construction and development of models to help ex-
plain new phenomena and experiments are important to
the further understanding of these systems.
Introduced for the first time in 1994 [4] and then ad-
vanced mostly by the works of H. Ohshima [5–8], the the-
ory of soft particle (SPE) provides a powerful tool for in-
vestigating the behavior of biocolloidal particles, includ-
ing bacteria and viruses. The main results produced by
the theory are the electrostatic and electrokinetic prop-
erties of soft particles with different geometrical shapes
immersed in electrolyte solutions. In this model, the soft
particles are described to have a non-penetrable neutral
hard core coated by an ion permeable polyelectrolyte soft
layer with negative constant volume density charge [6–8].
The electric potential distribution is obtained by solving
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the Poisson-Boltzmann equations. The electrophoretic
mobility is a solution of the Navier-Stokes equation for
the velocity of the liquid flow through the permeable
layer. Moreover, the model can be exploited to study
the interactions between soft particles. The prediction
of non-zero mobility for soft particles in solutions with
low ionic strength obtained by the Ohshima model was
verified by experimental data [9, 10]. The development
for the Ohshima model has been done by taking into ac-
count the effect of inhomogeneous charge distribution in
the soft layer. In the diffuse soft particle electrokinetic
theory (DSPE) given by J. F. Duval [11, 12], the gradual
decay of the electrodynamic properties of the soft layer
inside and outside the particle was considered. The ex-
tensions of the DSPE theory to multilayer soft particles
have been recently done [13, 14]. The inhomogeneous
distribution of the charged polymer segments is demon-
strated to substantially affect the overall electrokinetic
response, especially in the low electrolyte concentration
regime.
While the surface charge density has been deeply in-
vestigated, the core charge distribution has been rarely
taken into account. In most cases, a core charge is as-
sumed to be zero, so the electrical potential inside the
core remains unchanged. A theoretical study [15–17]
mentioned the charge of the virus core in general cases to
calculate the nonspecic electrostatic interactions in virus
systems. The ratio between the volume charge density
of the core and that of the surface layer is measured to
be half of that found in bacteriophage MS2 [18] suggest-
ing that the effect of the core charge on the electrostatic
and electrokinetic properties of the particle should be re-
examined.
In the present work, we propose a new simple core-
shell model for a soft particle based on the assumption
2that the soft particle now consists of a charged hard core
with a volume charge density and a charged outer layer.
We study the contribution of the core parameters, such
as the core charge and the core dielectric constant, to the
particle’s electrostatic properties. Our calculations pro-
vide the first theoretical investigation about the effects of
temperature and salt concentration on the electrostatic
properties.
II. THEORETICAL BACKGROUND
We consider a soft particle with radius b immersed
in an electrolyte solution. The soft particle is assumed
to contain a hard core of radius a coated by an ion-
penetrable surface charge layer of polyelectrolyte with
thickness (b− a). Identified with the Ohshima model [6–
8], the volume charge density of the soft shell is ZNe,
where e is an electron charge, Z and N are the valence
and the charge density of the polyelectrolyte ions, re-
spectively. In our work, the neutral hard core in the
Ohshima model is substituted by the charged core with
a constant volume charge density ρcore and a dielectric
constant εcore (see in Fig. 1).
FIG. 1: (Color online) The theoretical model of a soft particle
including a hard core with the charge density ρcore and the di-
electric constant εcore, and an ion-penetrable surface layer of
polyelectrolytes coated around. The soft particle is immersed
in an electrolyte solution with the charge density ρel and the
permittivity εr.
The electric potential distribution obeys the Poisson-
Boltzmann equations


△ψ = − ρel
εrε0
, b ≤ r <∞
△ψ = −ρel + ZNe
εrε0
, a ≤ r < b
△ψ = − ρcore
εcoreε0
, 0 ≤ r < a
(1)
where εr is the permittivity of the aqueous solution, ρel
is the charge density of the ions in solvent and can be
described by the Boltzmann distribution [6, 8]
ρel(r) =
M∑
i=1
zieniexp
(
−zieψ
kBT
)
, (2)
M , zi, ni are the number ion types, the ith ionic valance
and the ion concentration in solution, respectively. In our
calculations, we consider a simple case where an aqueous
solution only contains a monovalent saltM = 2 and zi =
{−z, z}, and therefore
ρel(r) = −2nze sinh
(
zeψ
kBT
)
. (3)
The spherical Poisson-Boltzmann equation in Eq.(1)
does not have a general analytical solution. With rapid
development of numerical methods, algorithms and tools,
Eq.(1) can be numerically solved. Using several approx-
imations, however, provide analytical expressions that
well explain physical phenomena. In the case of a low
potential, the charge density in the electrolyte solution is
given by
ρel(r) = −2nz
2e2
kBT
ψ. (4)
Substituting Eq.(4) into Eq.(1) provides

d2ψ
dr2
+
2
r
dψ
dr
= κ2ψ, b ≤ r <∞
d2ψ
dr2
+
2
r
dψ
dr
= κ2
(
ψ − ZNe
κ2εrε0
)
, a ≤ r < b
d2ψ
dr2
+
2
r
dψ
dr
= − ρcore
εcoreε0
, 0 ≤ r < a
(5)
where κ2 = 2z2e2n/εrε0kBT is the Debye-Huckel param-
eter [8]. The general solution of Eq.(5) give us

ψ(r) = A1
e−κr
r
+B1
eκr
r
, b ≤ r <∞
ψ(r) = A2
e−κr
r
+B2
eκr
r
+
ZNe
κ2εrε0
, a ≤ r < b
ψ(r) =
A3
r
+B3 −
1
6
ρcorer
2
εcoreε0
. 0 ≤ r < a
(6)
The coefficients A1, A2, A3, B1, B2 and B3 in Eq.(6)
can be found by applying the following boundary condi-
tions:
ψ(∞) = 0 , ψ(0) 6=∞, (7)
ψ(a−) = ψ(a+) , ψ(b−) = ψ(b+), (8)
εcoreε0ψ
′(a−) = εrε0ψ
′(a+) , ψ′(b−) = ψ′(b+). (9)
3In the previous studies [6–8], the condition ψ′(a−) = 0
is used due to the assumption that the electric fields in-
side the core must be equal to zero and so the electric po-
tential is set to be constant. However, this assumption is
valid only if the core is composed of a metal material. In
the general case, the continuity of electric displacement
fields has to be applied.
III. NUMERICAL RESULTS AND
DISCUSSIONS
The analytical expressions of ψ(r) can be derived after
some straightforward calculations. To understand the
potential contribution of the charged hard core ψcore(r)
and the soft shell ψshell(r) to the total potential, ψ(r)
can be writen as the sum of two terms ψ(r) = ψcore(r)+
ψshell(r)
ψcore =


1
3εrε0
ρcorea
3
r
e−κ(r−a)
1 + κa
, a ≤ r <∞
ρcore(a
2 − r2)
6εcoreε0
+
ρcorea
2
3εrε0(1 + κa)
. 0 ≤ r < a
(10)
ψshell =


ZNe
2εrε0κ2
[
1− 1
κb
+
(1− κa)(1 + κb)
1 + κa
e−2κ(b−a)
]
be−κ(r−b)
r
, b ≤ r <∞
ZNe
εrε0κ2
[
1− 1 + κb
1 + κa
e−κ(b−a)
(
sinhκ(r − a)
κr
+
a coshκ(r − a)
r
)]
, a ≤ r < b
ZNe
εrε0κ2
[
1− 1 + κb
1 + κa
e−κ(b−a)
]
. 0 ≤ r < a
(11)
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FIG. 2: (Color online) The potential of the bacteriophage
MS2 immersed in NaCl solution as a function of distance r
for different values of ρcore/ZNe with a) εcore = 10, b) εcore =
40, c) εcore = 81, and d) εcore = 2000 at 298 K.
Note that when ρcore = 0, ψcore(r) = 0 and ψ(r) =
ψshell(r) for r ≥ a, the expressions are exactly identical
to the potential obtained by Ohshima in Ref.[6–8]. This
finding shows that our calculations are suitable with re-
sults found in particular cases. The potential outside the
soft particle (r ≥ b) can be expressed via the surface
potential, which is defined as ψS = ψ(b),
ψ(r) = ψS
b
r
e−κ(r−b). (12)
Equation (12) suggests that the potential profile can
be obtained from understanding of the surface potential.
Figure 2 shows the normalized electrostatic potentials
of the bacteriophage MS2 as a function of distance from
the center of the soft particle with various values of the
core charge. The selected ratios ρcore/ZNe in our calcu-
lations are positive because previous studies [11, 12, 18]
claimed that the charges of both core and shell have the
same sign. ψDON = ZNe/εrε0κ
2 is the linearized Don-
nan potential [6]. The salt solution around MS2 is 1 mM
NaCl. The values of radius a = 10.3 nm and b = 13.6 nm
were chosen from the experiment [18]. The temperature-
and concentration-dependent permittivity of the solvent
is given by [19]
εr ≡ εr(C, T ) = εW (T )h(C),
εW (T ) = 249.4− 0.788T + 7.2× 10−4T 2, (13)
h(C) = 1− 0.255C + 5.15× 10−2C2 − 6.89× 10−3C3,
where C is the ionic strength of the solution.
It is important to note that the experiments in Ref.[18]
are carried out at pH = 5.9 while the expression of
εr(C, T ) is valid for the NaCl solution at a pH of 7.
The measurements in the previous work [18], however,
reveals that the electrophoretic mobility remains nearly
unchanged in the pH range of 6 to 8. Another previous
study [20] demonstrates that the thickness of a protein
layer coated on surface of a gold nanoparticle is approx-
imately constant at the same frequency range. The size
of radius a and b , therefore, can be assumed to not be
influenced by the pH in this regime, and Eq.(14) is well-
described for the MS2 solution in Ref.[18].
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FIG. 3: (Color online) Ionic strength vs. temperature contour plots of the normalized electrostatic potentials ψtotal/ψDON for
the bacteriophage MS2 with εcore = 40 and ρcore/ZNe = 0.5 at a) r = 8 nm, b) r = 12 nm, c) r = 15 nm.
The potential profiles with εcore different from the
value for the surrounding medium are not smooth and
contain a breaking point at the boundary between the
core and the outer layer. When the core dielectric con-
stant is close to the permittivity of the solvent (εr ≈ 79),
the curves of potential become smooth as shown in Fig.
2c. The soft shell may be thin enough for the potential
to not change suddenly at the interface of the particle
(r = b). The increase of the core charge leads to the
rise of the potential profile of the soft particle, partic-
ularly area inside the particle. This observation indi-
cates the large effect of the charge and the permittivity
of the hard core on ψ(r). Outside the hard core, the po-
tential induced by the core charge exponentially decays
and is negligible at long distances. This finding can be
explained via Eq.(11), ψcore is proportional to e
−κ(r−a)
when (r ≥ a). This result also helps us to understand
the similarity of MS2 with and without the RNA core
in experiment [18]. Increasing εcore causes a reduction
of the ratio ψtotal/ψDON . If the core dielectric constant
is sufficiently large (εcore = 2000), the core potential is
independent of distance r due to the cancellation of the
term ρcore(a
2 − r2)/6εcoreε0.
The impact of the NaCl concentration and temper-
ature on the potential of virus nanoparticles MS2 are
shown in Fig. 3. It is well-known that the thermal ef-
fect causes DNA and protein denaturation [20, 21]. At
around 350 - 360 K, these biological systems transition
between conformations and links between strands broken
[20, 21]. The variation of a soft particle’s size as a func-
tion of temperature is an interesting topic but one that
is still poorly understood. Authors in Ref.[21] indicate
that the localized surface plasmon resonance of protein-
coated gold nanoparticles with diameter 13 nm is nearly
unchanged at temperatures ranging from 290 to 310 K.
As a result, we suppose that the sizes of the core and the
soft layer does not vary much in the temperature regime
used in our calculations. The same assumption is pro-
vided with the effect of ionic strength on the size of the
MS2 virus.
Although a temperature increase creates more space
between the molecules of the solutions and is a reason
for a decrease in εr at certain ionic strength, the pres-
ence of
√
T in the denominator of the expression for κ
causes the enhancement of κ and the slight reduction in
the potential inside the core (see Fig.3a) via the exponen-
tial function. However, the thermal effects on ψtotal in
the soft shell and outside the particle has little effect on
the system. The result suggests that the thermal factor
cannot be used to tailor the total potential.
Interestingly, the potential is quite sensitive to the
change of ionic strength at fixed temperatures. Ions in
the solution alter the dielectric response of the solvent
in comparison with pure water. ψtotal in the core and
shell of a particle dramatically increases when the salt
concentration is varied from 1 mM to 600 mM. At larger
ionic strength, κ increases and the exponential functions
in Eq.(10) and (11) are quickly cancelled out in the area
r ≤ b. As can be seen in Fig. 3b, ψtotal/ψDON ≈ 1
at C ≥ 40 mM. Meanwhile, the normalized potential
at r = 8 nm extends to 50 when C = 0.6 M since
ψtotal/ψDON ∼ εrκ2 ∼ n. For this reason, the results
coming from Fig.(3)a and b can be easily understood.
For r ≥ b, ψtotal is mainly contributed by ψshell. Equa-
tion 11 expresses that the shell potential is proportional
to e−k(r−b). We, therefore, can observe the diminishment
of the normalized potential as the ionic strength increases
in Fig. 3c.
IV. CONCLUSIONS
In conclusion, the potential profile of a soft particle
with a charged hard core has been investigated in de-
tail with various values of the charge and dielectric con-
stant. Our results show that the potential inside the
core is strongly modified in comparison with the case
of the neutral core introduced by the Ohshima model.
However the potential induced by the core charge nearly
disappears outside the particle and the total potential
is determined by the electric properties of the soft shell.
5Our model succeeds in explaining the identical proper-
ties of untreated- MS2 and RNA-free MS2 reported in
previous works. We also take into account the effects
of temperature and ionic strength on the potential. It
is demonstrated that while the thermal effect can be ig-
nored in the temperature regime of 290-310 K, the salt
concentration still has significant influence.
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